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Abstract 

We prove a sharp three sphere inequality for solutions to third 
order perturbations of a product of two second order elliptic operators 
with real coefficients. Then we derive various kinds of quantitative 
estimates of unique continuation for the anisotropic plate equation. 
Among these, we prove a stability estimate for the Cauchy problem 
for such an equation and we illustrate some applications to the size 
estimates of an unknown inclusion made of different material that 
might be present in the plate. The paper is self-contained and the 
Carleman estimate, from which the sharp three sphere inequality is 
derived, is proved in an elementary and direct way based on standard 
integration by parts. 



1 Introduction 

In the present paper we shall prove some quantitative estimates of unique 
continuation for fourth order elliptic equations arising in linear elasticity 
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theory. 

The equations we are most concerned with are those describing the equi- 
librium of a thin plate having uniform thickness. Working in the framework 
of the linear elasticity for infinitesimal deformations and under the kinemati- 
cal assumptions of the Kirchhoff-Love theory (see (Fl], |Gu] ) . the transversal 
displacement u of the plate satisfies the following equation 

2 

(1-1) Cu:= Yl d^C tjkl (x)d 2 kl u) = 0, intl, 

i,j,k,l=l 

where Q is the middle surface of the plate and {Cijki{x)} 2 ^ kl=l is a fourth 
order tensor describing the response of the material of the plate. In the 
sequel we shall assume that the following standard symmetry conditions are 
satisfied 

(1.2) Cijki(x) = C k uj(x) = Cikij(x), k,l = 1,2, in £1 

In addition we shall assume that Cijki G C 1,1 ^), i,j, k, I = 1, 2, and that the 
following strong convexity condition is satisfied 

(1.3) C ijk i(x)A i:j A k i > j\A\ 2 , in n, 

for every 2x2 symmetric matrix A = {A^} 2 =1 , where 7 is a positive constant 

and|A| 2 = EL=i4- 

More precisely, the quantitative estimates of unique continuation which 

we obtain are in the form of a three sphere inequality (see Theorem 16.21 

Theorem 16.51 and Theorem I6.6P , in developing which we have mainly had in 

mind its applications to two kinds of inverse problems for thin elastic plates: 

a) the stability issue for the inverse problem of the determination of un- 
known boundaries, 

b) the derivation of size estimates for unknown inclusions made of differ- 
ent elastic material. 

Let us give a brief description of problems a) and b). 

Problem a). We consider a thin elastic plate, having middle surface n, 
whose boundary is made by an accessible portion T and by an unknown in- 
accessible portion I, to be determined. Assuming that the boundary portion 
I is free, a possible approach to determine I consists in applying a couple 
field M on T and measuring the resulting transversal displacement u and its 
normal derivative |^ on an open subset of V. In [M-Ro] it was proved that, 
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under suitable a priori assumptions, a single measurement of this kind is suf- 
ficient to detect /. The stability issue, which we address here, asks whether 
small perturbations of the measurements produce or not small perturbations 
of the unknown boundary /. Since assigning a couple field M results in pre- 
scribing the so called Neumann conditions for the plate, that is two boundary 
conditions of second and third order respectively, it follows that Cauchy data 
are known in T. Therefore it is quite reasonable, also in view of the literature 
about stability results for the determination of unknown boundaries in other 
physical frameworks (see for instance [Al-B-Ro- Ve] . [Si] . |Vej ) . that the first 
step to be proved in order to get such a stability result consists in stability 
estimates for the Cauchy problem for the fourth order equation (II. ip . For 
this reason, in the present paper we derive a stability result for the Cauchy 
problem, see Theorem 13.81 having in mind applications to this inverse prob- 
lem and to the analogous ones, consisting in the determination of cavities 
or rigid inclusions inside the plate. We refer to |M-Ro-Ve3] and to |M-Roj 
respectively for uniqueness results for these two inverse problems. 

Problem b). We consider a thin elastic plate, inside which an unknown 
inclusion made of different material might be present. Denoting by Q and D 
the middle surface of the plate and of the inclusion respectively, a problem 
of practical interest is the evaluation of the area of D. In [M-Ro-VeT] we 
derived upper and lower estimates of the area of D in terms of boundary 
measurements, for the case of isotropic material and assuming a "fatness" 
condition on the set D, see [M-Ro-VeTj Theorem 4.1]. Since the proof of that 
result was mainly based on a three sphere inequality for |V 2 w| 2 (here V 2 w 
denotes the Hessian matrix of u), where u is a solution of the plate equa- 
tion, we emphasize here that Theorem 4.1 of [M-Ro-VeT] extends to the more 
general anisotropic assumptions on the elasticity tensor stated in Theorem 
!6.5l of the present paper, in which such a three sphere inequality is established. 

Concerning the Cauchy problem, along a classical path, [Nij . recently 
revived in |Al-R-Ro-Ve] in the framework of second order elliptic equations, 
we derive the stability estimates for the Cauchy problem for equation (II. ip 
as a consequence of smallness propagation estimates from an open set for 
solution to (II. ip . Such smallness propagation estimates are achieved by a 
standard iterative application of the three sphere inequality. 

In view of the applications to problems a) and b), we took care to study 
with particular attention the sharp character of the exponents appearing 
in the three sphere inequality because of its natural connection with the 
unique continuation property for functions vanishing at a point with poly- 
nomial rate of convergence (strong unique continuation property, [Co-Grj . 
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[Co-Gr-Ta] . [He]. [LeB] . [L-N-W] . |M-Ro-Velj ) or with exponential rate of 
convergence, |Co-Koj . |Prj . As a byproduct of our three sphere inequality, we 
reobtain the result in |Co-Koj . in the case of C ' coefficients, stating that, 
if u(x) = O (^e~\ x ~ x °\ p \ as x — > Xq, for some Xo £ Q and for an appropriate 

(5 > which is precisely defined below, then u = in Q. Indeed it is not 
worthless to stress that such kinds of unique continuation properties, espe- 
cially the quantitative version of the strong unique continuation property 
(three sphere inequalities with optimal exponent and doubling inequalities, 
in the interior and at the boundary) have provided crucial tools to prove 
optimal stability estimates for inverse problems with unknown boundaries 
|Al-B-Ro-Ve] . [51] . [Ve] and to get size estimates for unknown inclusions, 
[Al-M-Rol] . [Al-M-R.o2] . [Al-M-Ro3] . [Al-Ro-S] . [M-Ro-Vel] . [M-Ro-Ve2] . 
Concerning problem b), we stress that the application of doubling inequal- 
ities allows to get size estimates of the unknown inclusion D under fully 
general hypotheses on D, which is assumed to be merely a measurable set, 
see [M-Ro-Ve2j . 

The strong unique continuation property for equation (11 .11) holds true, 
[Co-Gr] . [LeB] . [L-N-W] . [M-Ro-Vel] l when the tensor {C m {x)}l jAl=1 sat- 
isfies isotropy hypotheses, that is 

(1.4) C ijk i(x) = 5ij8 k iX(x) + (Sikdji + SiiSjk) fi(x), i, j, k,l = 1,2, in ft, 

where A and /i are the Lame moduli. 

On the other hand, in view of Alinhac Theorem [Ali] , it seems extremely 
improbable that the solutions to (11.11) can satisfy the strong unique contin- 
uation property under the general hypotheses (II. 2p and (II. 3ft on the ten- 
sor {Cijki(x)}?j kl=1 . Indeed, let C = J2h=o a i-h{x)did^~ h be the princi- 
pal part of the operator C. Let zi, z 2 ,Zi,z 2 (here Zj is the conjugate of 
the complex number zj) be the complex roots of the algebraic equation 
J2h=o a i-h{x®)z h = 0. In [Ali] it is proved that if Z\ ^ z 2 then there ex- 
ists an operator Q of order less than four such that the strong unique con- 
tinuation property in x doesn't hold true for the solutions to the equation 
Cu + Qu = 0. A fortiori, it seems hopeless the possibility that solutions to 
(II. ip can satisfy the doubling inequality. 

At the best of our knowledge, concerning both weak and strong unique 
continuation property for equation ( II. ip . under the general assumptions ( II. 2p . 
(11. 3p and some reasonable smoothing condition on the coefficients C^ki, ne i" 
ther positive answers nor counterexamples are available in the literature. 
On the other hand, it is clear that, in order to face the issue of unique 
continuation property for equation (11. ip under the above mentioned condi- 
tions, the two-dimensional character of equation ( II. ip or the specific struc- 
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ture of the equation should play a crucial role. Indeed, a Plis's example, [P1J, 
|Zuj . shows that the unique continuation property fails for general three- 
dimensional fourth order elliptic equations with real C°° coefficients. 

For the reasons we have just outlined, in the present paper we have a 
bit departed from the specific equation (II. ip and we have derived the three 
sphere inequality that we are interested in, as a consequence of a three sphere 
inequality for solutions to the equation 

(1.5) P A (u) + Q{u) = 0, in B 1 = {x E W 1 | |x| < 1}, 

where n > 2, Q is a third order operator with bounded coefficients and P4 is 
a fourth order elliptic operator such that 

(1.6) P 4 = L 2 L U 

where L\ and L2 are two second order uniformly elliptic operator with real 
and C 1,X (B\) coefficients. Our approach is also supported by the fact that 
the operator £ can be written, under very general and simple conditions (see 
sections |3] and [6]), as follows 

(1.7) C = P 4 + Q, 

where P 4 satisfies ( II. 6p and Q is a third order operator with bounded coef- 
ficients. We have conventionally labeled such conditions (see Definition 13.11 
in Section [3]) the dichotomy condition. On the other hand, the conditions 
under which the decomposition ( I1.7P is possible are, up to now, basically the 
same under which the unique continuation property holds for fourth order 
elliptic equation in two variables [Wat], |Zuj . More precisely, such conditions 
guarantee the weak unique continuation property for solution to Cu = pro- 
vided that the complex characteristic lines of the principal part of operator 
C satisfy some regularity hypothesis. 

We prove the three sphere inequality for solutions to equation (11.51) (pro- 
vided that P4 satisfies (jl.6p ) in Theorem 15.31 By such a theorem we immedi- 
ately deduce, Corollary 15. 4| the following unique continuation property. Let 
L k = TH,j=i9k( x )9fj, k = 1,2, where g k = {g l k J (x)}™ j=1 are symmetric val- 
ued function whose entries belong to C 1 ' 1 \Bi)- Assuming that {g^ (x)}™j =1 , 
k = 1, 2 satisfy a uniform ellipticity condition in Bi, let and v* (/x* and fi*) 
be the minimum and the maximum eigenvalues of {g\ (0)}2j=i ({<?2 (0)}ij-=i) 
respectively, and let /3 > \J — 1- We have that 

(1.8) if u(x) = O (e~ lxl ~ P ) , as x 0, then u = in B v 
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Since (11.81) has been proved for the first time in [Co-Koj . see also |Co-Gr-Ta] . 
where the sharp character of property (11.81) has been emphasized, we believe 
useful to compare our procedure with the one followed in |Co-Koj . In the 
present paper, as well as in |Co-Ko] . the bulk of the proof consists in ob- 
taining a Carleman estimate for P 4 = L 2 Li with weight function e~^ ao ^ e , 
where (3 > y^^r ~~ 1 an d ( cr o(a ; )) 2 is a suitable positive definite quadratic 
form (Theorem 15.21) . In turn, here and in [Co-Koj . the Carleman estimate 
for P4 is obtained by an iteration of two Carleman estimates for the oper- 
ators Li and L2 with the same weight function e - *- " ^ . However, while 
in |Co-Ko] and |Co-Gr-Ta] the proof of Carleman estimates for L\ and L2 
is carried out by a careful analysis of the pseudoconvexity conditions, |Holj . 
|H52] , [Is] , in the present paper, Section HJ we obtain the same estimates by 
a more elementary and direct way. More precisely, we adapt appropriately 
a technique introduced in |Es-Ve] in the context of parabolic operators. A 
prototype of this technique was already used in [Ke-Waj in the issue of the 
boundary unique continuation for harmonic functions. Such a technique, 
which is based only on integration by parts and on the fundamental theorem 
of calculus, being direct and elementary, makes it possible to easily control 
the constants that occur in the final three sphere inequality. 

Finally, let us notice that the above results can be extended also to treat 
fourth order operators having leading part Cu given by (II. ip and involv- 
ing lower order terms. An example of practical relevance is, for instance, 
the equilibrium problem for a thin plate resting on an elastic foundation. 
According to the Winkler model [Winj . the corresponding equation is 



where k = k(x) is a smooth, strictly positive function. Indeed, in view of 
Theorem I5.3[ the three sphere inequalities established in Section [6] extend to 
equation (11.91) . 

The plan of the paper is as follows. In Section [2] we introduce some basic 
notation. In Section [3] we present the main results for the Cauchy problem, 
see Theorem [223 In Section H] we prove a Carleman estimate for second order 
elliptic operators, Theorem 14.51 which will be used in Section to derive a 
Carleman estimate for fourth order operators obtained as composition of 
two second order elliptic operators, Theorem 15.21 In the same Section, as a 
consequence of Theorem 15. 2\ we also derive a three sphere inequality and the 
unique continuation property for such fourth order operators, see Theorem 
15.31 and Corollary 15.41 respectively. Finally, in Sectional the results of Section 
[5] are applied to the anisotropic plate operator, obtaining the desired three 



(1.9) 



Cu + ku = 0, in f2, 



sphere inequality, see Theorems 
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2 Notation 



Let P = (x 1 (P),x 2 (P)) be a point of W 2 . We shall denote by B r (P) the ball 
in IR 2 of radius r and center P and by R a ^{P) the rectangle of center P and 
sides parallel to the coordinate axes, of length a and b, namely R a ^(P) = 
{x = (xi,x 2 ) | \x± — Xi(P)\ < a, \x 2 — x 2 (P)\ <b}. To simplify the notation, 
we shall denote B r = B r (0), R atb = R atb (0). 

When representing locally a boundary as a graph, we use the following defi- 
nition. 

Definition 2.1. {C k,a regularity) Let fl be a bounded domain in M. 2 . Given 
k,a, with k e N, < a < 1, we say that a portion S* of dfl is of c/ass 
C k,a with constants po, M > 0, if, for any P <E S, there exists a rigid 
transformation of coordinates under which we have P = and 

ft n ^^, P0 = {a; = (xi, x 2 ) e ^^, P0 I x 2 > ^(Xi)}, 
where ip is a C fe ' a function on ^— j^, satisfying 

^(0) = 0, 
^'(0) = 0, when k > 1, 

IMU,«(_.flL < M oPo- 
v m 'm ; 

When k = 0, a = 1, we also say that S is of Lipschitz class with constants 
Po, M . 

Remark 2.2. We use the convention to normalize all norms in such a way that 
their terms are dimensionally homogeneous with the L°° norm and coincide 
with the standard definition when the dimensional parameter equals one. For 
instance, the norm appearing above is meant as follows 

k 

IMIcW-ol. m.) = Z)Poll^ (<) IIW_-aL ^) + P^l^X J*-V 

l=\> 

where 



sup 

y fc v M o ' M o / 



|^( fc )(x') - V (fe) (y')l 



.X" 
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Similarly, denoting by V*u the vector which components are the deriva- 
tives of order i of the function u, 




i=0 



i 



«IU 2 (H) = Po 1 





) 



2 



and so on for boundary and trace norms such as 



(an) 



Notice also that, when Q = .Br(O), then Q satisfies Definition 12.11 with 
Po = R, M = 2 and therefore, for instance, 



Given a bounded domain Q in R 2 such that dQ is of class C k ' a , with 
k > 1, we consider as positive the orientation of the boundary induced by 
the outer unit normal n in the following sense. Given a point P G dfl, let 
us denote by r = r(P) the unit tangent at the boundary in P obtained by 
applying ton a counterclockwise rotation of angle |, that is 

(2.1) r = e 3 x n, 

where x denotes the vector product in IR 3 , {ei,e 2 } is the canonical basis in 
R 2 and e 3 = e\ x e 2 . 

Given any connected component C of dQ and fixed a point P G C, 
let us define as positive the orientation of C associated to an arclength 
parametrization <p(s) = (xi(s),x 2 (s)), s G [0, /(C)], such that <p(0) = P 
and (p'(s) = r((p(s)). Here 1(C) denotes the length of C. 

Throughout the paper, we denote by d(u, d s u, and d n u the derivatives of 
a function u with respect to the Xi variable, to the arclength s and to the 
normal direction n, respectively, and similarly for higher order derivatives. 

We denote by M 2 the space of 2 x 2 real valued matrices and by C(X, Y) 
the space of bounded linear operators between Banach spaces X and Y . 

For every 2x2 matrices A, B and for every L G £(M 2 ,M 2 ), we use the 
following notation: 




(2.2) 



(JLA)ij — LijkiAki, 
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(2-3) 



A ■ B — AijBij, 



(2.4) \A\ = (A-A)*, 

(2.5) A sym = ^(A + A l ), 

where A 1 denotes the transpose of the matrix A. Notice that here and in the 
sequel summation over repeated indexes is implied. 

3 Stability estimates for the Cauchy problem 

Let us consider a thin plate VL x [— f , §] with middle surface represented by 
a bounded domain Q in IR 2 and having uniform thickness h, h << diam(fi). 
Given a positive constant M±, we assume that 

(3.1) \n\ < Mip 2 . 

Let us assume that the plate is made of nonhomogeneous linear elastic ma- 
terial with elasticity tensor C(x) G £(M 2 ,M 2 ) and that body forces inside Q 
are absent. We denote by M a couple field acting on the boundary dft. 

We shall assume throughout that the elasticity tensor C has cartesian 
components C^ki which satisfy the following conditions 



(3.2) djki = Ckuj = Ckiji k, I = 1, 2, a.e. in O. 
We recall that the symmetry conditions (13.21) are equivalent to 

(3.3) CA = CA sym , 

(3.4) CA is symmetric, 

(3.5) CA- B = CB ■ A, 



for every 2x2 matrices A, B. 

In order to simplify the presentation, we shall assume that the tensor C 
is defined in all of IR 2 . 

On the elasticity tensor C we make the following assumptions: 

I) Regularity 

(3.6) C e C fl ' 1 (R 2 ,£(M 2 ,M 2 )), 
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with 

2 2 

(3.7) Y,Po\\^ m C^ki\\L^m<M, 

i,j,k,l=l m=0 

where M is a positive constant; 

II) Ellipticity (strong convexity) There exists 7 > such that 



(3.8) CA- A>^\A\ 2 , inM 2 , 

for every 2x2 symmetric matrix A. 

Condition (I3.2p implies that instead of 16 coefficients we actually deal 
with 6 coefficients and we denote 



C1111 


= A , 


C1122 = 


C2211 = Bq 


5 


C1112 


= G\\2\ 


= C\2\\ 


= C2111 = 


Co, 


< C2212 


= C2221 


= C1222 


= C2122 = 


Do, 


C1212 


= C1221 


= C2112 


= C2121 = 




C2222 


= ^0, 









V 



and 

(3.10) a = A , a x = 4C , a 2 = 2B + 4£ , a 3 = 4L> , a 4 = F . 

Let S(x) be the following 7x7 matrix 



(3.11) S(x) = 



I 


a 


a 1 


a 2 


»3 


a i 





\ 







«o 


a 1 


a 2 


a 3 















a 


°i 


a 2 


«3 


04 




4a 


3<2i 


2a 2 


a 3 
















4a 


3ai 


2a 2 


«3 
















4a 


3ai 


2a 2 


a 3 





\ 











4a 


3ai 


2a 2 


03 / 



and 

(3.12) V(x) = — \detS(x)\. 

a 

Let us introduce the fourth order plate tensor 

h 3 

(3.13) P=— C, inR 2 . 
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With this notation we may rewrite the plate equation fll.ip in the equivalent 
compact form 



(3.14) div(div(PV 2 w)) = 0, in Q, 

where the divergence of a second order tensor field T(x) is defined, as usual, 
by 

(divT(x))i = djTij(x). 

Our approach to the Cauchy problem leads us to consider the following com- 
plete, inhomogeneous equation 

(3.15) div(div(PV 2 u)) = / + divF + div(divj r ), in B R , 
where / G L 2 (R 2 ), F G L 2 (R 2 ; R 2 ), J 7 G L 2 (R 2 ; M 2 ) satisfy the bound 

(3.16) ||/|| L 2( M 2) H ||F|| L 2 (IR 2. R 2) + — IIJ'Ul^k 2 ^ 2 ) < —, 

Po Po Po 

for a given e > 0. 

A weak solution to (I3.15P is a function u G H 2 {Br) satisfying 
(3.17) 

/ PV 2 n-V 2 ^ = / ftp- / F-V(p+ / -F-V 2 ^, for every y? G H 2 (B R ). 

J Br J Bji J Bji J Bji 

In the sequel we shall use the following condition on the elasticity tensor 
that we have conventionally labeled dichotomy condition. 

Definition 3.1. (Dichotomy condition) Let O be an open set of M 2 . We 
shall say that the tensor P satisfies the dichotomy condition in O if one of 
the following conditions holds true 

(3.18a) V{x) > 0, for every 

(3.18b) X?(x) = 0, for every x eO, 

where V(x) is defined by (13.1 2p . 

Remark 3.2. Whenever (13. 18a[) holds we denote 

(3.19) 5i=minP. 

o 

We emphasize that, in all the following statements, whenever a constant is 
said to depend on 5± (among other quantities) it is understood that such 
dependence occurs only when (13. 18a[) holds. 
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Remark 3.3. Let us briefly comment the dichotomy condition in the special 
class of orthotropic materials, frequently used in practical applications. In 
particular, let us assume that through each point of the plate there pass 
three mutually orthogonal planes of elastic symmetry and that these planes 
are parallel at all points. In this case 

(3.20) C = 0, D = 0, 
so that 

(3.21) a = Aq, at = 0, a 2 = 2B + 4E , «3 = 0, a 4 = F Q , 
and 

(3.22) V(x) = 16a a 4 (a2 — 4a a 4 ) 2 . 

Since, by the ellipticity condition (13. 8p . the coefficients a , a 4 are strictly 
positive, the dichotomy condition reduces to the vanishing or not vanishing 
of the factor a\ — 4aoa 4 . 

Introducing the engineering constitutive coefficients E\, E 2 , Gu, v 12 , ^21, 
with V12E2 = vi\E\ by the symmetry of C, we have 

(3.23) a 2 2 - Aa a 4 = \E\ I I ^ + 1 



k m + vyi 



where 



(3-24) fc = |i, m =J^--v 12 . 

The isotropic case corresponds to k — 1 and m — 1, so that, by (13.231) . 
V(x) = 0. 

Let us notice that 

(3.25) if m = Vk, then X>(x) ee 0. 



This shows that there exist anisotropic materials such that ( 13.18bj) is satisfied. 



Roughly speaking, this simple example makes clear that the value of T>(x) 
cannot be interpreted as a "measure of anisotropy" . 

Moreover, of practical interest corresponds to the vanishing of the 

Poisson's coefficient z/ 12 , which gives 

(3.26) a\ - 4a a 4 = AE\ { At - 7- 

\ m 1 k 
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so that 

(3.27) if m ^ Vk, then V(x) > 0. 

This gives an explicit class of examples in which ( 13 . 1 8aj) holds. 

Theorem 3.4 (Three sphere inequality - complete equation). Let u G H A (B R ) 
be a solution to the equation (13. 1 5[) . where P, defined by ( 13 . 13[) . satisfies 
( 13. 2p . ( 13. 7p . ( 13. 8 p and t/ie dichotomy condition in B R . There exist positive 
constants k and s, k G (0, 1) only depending on 7 and M , s G (0, 1) only 
depending on 7, M and on b~\ = min^ T>, such that for every r\, r2, r%, 
< ri < r 2 < kr 3 < sR, the following inequality holds 



(3.28) \\u\\ L 2 (Br2) < C (\\u\\ L 2 {Bri) + e) a (\\u\\ H *(B r3 ) + e) 



l-a 



where C > and a G (0, 1) only depend on 7, M, 5i, ^ and 5i = 

Proof. Let us consider the unique solution uq to 

( div(div(PV 2 M )) = / + divF + div(divj r ), in B R , 
(3.29) < u = 0, on dB R , 

{ tf = 0, on dB R . 

By using the weak formulation (I3.17P with (p = m , by the strong convexity 
condition (13. 8p . by using the bound (I3.16P on the inhomogeneous term and 
by Poincare inequality in Hq(B r ), we have 

(S- 30 ) IMU a (B H ) < ||«o||flg(B«) < C e > 

with C only depending on 7. 

Noticing that u — Uq satisfies the hypotheses of Theorem 16.61 we have that 
the thesis immediately follows. □ 

Let £ be an open connected portion of dfl such that E is of class C 1,1 
with constants p , M , and there exists a point P G E such that 

(3.31) ^(ft)nancs. 

We shall consider as test function space the space H^ (Q U E) consisting of 

the functions if G H 2 (Q) having support compactly contained in Q U E. We 

3 3 
denote by if c 2 (E) the class of if 2 (E) traces of functions ip G H 2 (£lU S), and 

by ff»(E) the class of ffJ(E) traces of the normal derivative % of functions 

13 



if G H 2 Q (Q U S). Moreover, for every positive integer number m, we define 
H~^{Ti) as the dual space to /fT(E) based on the L 2 (E) dual pairing. Let 
01 G 02 G i^(£) and Me R 2 ) be such that 



(3.32) 



pg||^ll fl - 



for some positive constant 77. 

We consider the following Cauchy problem 



(3.33) 
(3.34) 
(3.35) 
(3.36) 
(3.37) 



' div(div(PV 2 u)) = 0, 

u = 01, 



du _ 

(FV 2 u)n ■ n 



-M n , 



1 < 77, 

2(E;R 2 ) — '' 



in f2, 
on E, 
on E, 
on E, 



k div (PV 2 w) • n + ((PV 2 «)n • r), s = M TjS , on E, 



where M T = M -n, M n = M • r denote respectively the twisting moment and 
the bending moment applied at the boundary. 

A weak solution to f )3.33p -( l3.37p is a function u G H 2 (Q) such that 
(3.38) 



FV 2 u ■ VV = - / M r>s ^ + M„^ n , for every (f G H 2 {Vt U E 



with 

(3.39) 

We denote 
(3.40) 

that is 
(3.41) 



du . 

«S = 01, ^-|s = 02- 

an 



R «lJ P o) = {(xi,x 2 ) G fl« (P )| x 2 < 

M M 



^L PO (^o) = i% )PO (P )\a 

M Q ,w) M 



Lemma 3.5. Let 0i G Pl(E) ; 2 G P3(E). Then there exists v G H 2 (Rp^ nr (P 
such that 



(3.42) 



vlsn/?^ (P ) - 0i, 



(3.43) 



<9n 



snR ^o {Po) 



02 
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and 



(3-44) IMI^*- {Po)) <c(\\ gi 



where C , C > 0, only depends on M . 

Proof. The proof follows the lines of the proof of Lemma 6.1 of |Al-R-Ro-Vej . 

□ 

Let us define 

u, in f2, 



(3.45) u 



(3.46) n 1 = fiu(sn %l, po (Po)) U R-j* (Pq). 

Since u and v share the same Dirichlet data (#1,(72) on E, we have that 

(3.47) ueH 2 ^). 

Theorem 3.6. There exist f e L 2 ^), F e L 2 (fi i; M 2 ) ; 7 E L 2 (fii;M 2 ) 
such that 

~ 1 ~ 1 Cr] 

(3.48) ||/||L 2 (ni) H ||-^||L 2 (ni;R 2 ) + — ll-^lli^n^M 2 ) < — 

Po Po Po 

and u satisfies in the weak sense the equation 

(3.49) div(div(PV 2 w)) = / + divF + div(div^), in 
Here, the constant C, C > 0, only depends on Mo and 7. 

Proof. Let ip be an arbitrary test function in Hq(Qi). It is clear that ip\n G 
H 2 a (n U £). Denoting for simplicity Rr = R'^ (P ), by fl3T38|) we have 

(3.50) / PV 2 m ■ VV = - / (M T ,s<P + M n (p tn ) + / FV 2 v ■ V V 
Jcii Jt, Jr- 

Let us define the functional ^ : Hq{Q,\) — > R as 

(3.51) = JjMr,af + M n <f >n ) = po (j- JjMr,s<P + M n <p , n )J . 
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By standard trace embedding and by (13.321) . we have 

(3.52) < Po (lfell„-| (s) IMI„f (s) + l|Mn||^ i(s) ||^||^ (E) ) < 

< c\\M\\ H _i {s) y\\ Hi{ni) < — |M| H 2 (ni) 

where C, C > 0, only depends on M . Therefore, \l/ G H~ 2 (fli) and 



(3-53) WiMiao^- 

Po 

By the well-known Riesz Representation Theorem in Hilbert spaces, we can 
find / G Hq(Qi) such that ^((p) =< p, f >H$(n!) f° r every p G iLg(^i) and 

(3-54) IMh-^) = H/Hflgdh). 

Let us set 

(3.55) A = 4, F 1 = -Vf, F l=P lV 2 f. 

Po 

Then 

(3.56) Po||/l|U 2 (fii) + H-^l ||l 2 (Qi;R 2 ) +P ll^ilU 2 (n i; M 2 ) < — • 

Po 

By fl330|) 

(3.57) I PV 2 n-VV = / PWVV- / A<P+ / F v Vip- [ F V V 

JQl JR.- JQx JO,! JQi 

for every p G F 2 (fii). Denoting 

(3-58) 7=-/i, F = -F 1; .F=(~5' _ 

v ' y PV w-Ji, mi? , 

we obtain (EOSI) . By (13~58|) . fl3~55l) . fl3T7j) . fl333l) . fl3T54j) . (gag) , fl3T32|) we 
obtain (13TI81) . □ 

Theorem 3.7 (Propagation of smallness in the interior). Lei Vt be a bounded 
domain in IR 2 satisfying (13. ip and /ei -B ro (xo) C 6e a /ixea' (foe. Lei 
r, < r < y fe /ixea' and let G G Q be a connected open set such that 
dist(G, dfl) > r and Bro(x ) C G. Let u G Hf oc {VL) be a weak solution to the 
equation 

(3.59) div(div(PV 2 w )) = / + divF + div(divj r ), in tt 
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where P, defined by A3. 13j) . satisfies (13.21) . (13 .7p . (13.81) and i/ie dichotomy 
condition in G. Let f, F, T satisfy (13.161) . Let us assume that 

(3-60) \M^(B ro (x )) < V, 



(3.61) IMUa(n) < E , 
for given r\ > 0, E > 0. We have 

(3.62) |M| L2(G) < C(e + vY(Eo + e + n) 1 ^, 
where 



(3.63) C = a 



o 2 |n| 

(3.64) <5>a^, 

Cx > and a ; < a < 1, on/y depending on 7, M and o"i ; and witt C 2 
on/y depending on 7 and o\ ; where 81 = min^-P. 

Proof. The proof is essentially based on an iterated application of the three 
sphere inequality, see |Al-R-Ro-Vet Proof of Theorem 5.1] for details. □ 

Theorem 3.8 (Local stability for the Cauchy problem). Let u G H 2 (Q) 
be a weak solution to the Cauchy problem (13. 33p - (13.371) . where F, defined 
by (13.131) . satisfies (13. 2p . (13. 7J , (13. 8p and the dichotomy condition in the 
rectangle R_p£l )Pq (Pq) , £ satisfies (I3.3ip . /, F, T satisfy (13.161) . and g\, g 2 , 

M satisfy f!3.32j) . Assuming the a priori bound 

(3.65) IMU 2 (n) < E Q , 
then 

(3-66) H / o] <C(e + V ) 5 (E + e + r ] ) 1 - 5 , 

where C > and o", < 0" < 1 ; oniy depend on 7, M ; M 0; Mi and on 
0~! = min^-'D, where O = R n p JPq). 
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Proof. Representing locally f2 in a neighborhood of Po as 

fin#_gL po (P ) = {(x 1 ,x 2 ) e Rj$l, po I x 2 > ipixt)}, 

let 

r = Po 

r ° 2(^+1)' 

,o=(0,r o -f). 

We have that 

B ro (x ) C R_n_ ^(Po), 

2Af ' 2 

so that 

IMboB^Q)) < Cr]. 
The thesis easily follows by applying Theorem 13.71 with Q = R po Ju (Pq). 



4 Carleman estimate for second order elliptic 
operators 

In this and in the next section we consider n > 2, where n is the space 
dimension. Moreover, in this section we use a notation for euclidean norm 
and scalar product which differs from the standard one used in the other 
sections. 
Let 

(4.1) Pu = d t (g lj (x)d iU ) 

where {g l3 (x)}Yj=i is a symmetric matrix valued function which satisfies a 
uniform ellipticity condition and whose entries are Lipschitz continuous func- 
tions. In order to simplify the calculations, in the sequel we shall use some 
standard notations in Riemannian geometry, but always dropping the cor- 
responding volume element in the definition of the Laplace-Beltrami metric. 
More precisely, denoting by g{x) = {gij{x)}™j =1 the inverse of the matrix 
{9^{ x )}ij=i we have g~ l (x) = {g l3 (x)}fj = i and we use the following nota- 
tion when considering either a smooth function v or two vector fields £ and 

V 

n n 

i- i-V= E .'/<./(•'' )£,'/.,• \i\ 2 = E 9ij(x)£i£j, 

i,j=l i,j=l 
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ii. Vv = {fry, ...d n v), V g v(x) = g 1 (x)Vv(x), 

n 

div(0 = E^i, A g v = dxv(V g v), 



=1 



iii- (^v)n = E^ l£l* = £e 



In 

i=l i=l 



With this notation the following formulae hold true when u, v and w are 
smooth functions 



(4.2) Pu = A g u, A g (v 2 ) = 2vA g v + 2 |V 



v\ 



and 

(4.3) / vAgwdx = / wAgvdx — — V g v ■ V ' g wdx. 

JM. n JM. n JR n 

We shall also use the following Rellich identity 

(4.4) 2{B ■ Vgv)A g v = div (2(B ■ V »V > - B\V g v\ 2 ) + 

+(divB)\V g v\ 2 - 2d i B k g ij d j vd k v + B k d k g ii d i vd j v , 

where B = (B 1 , B n ) is a smooth vector field. 

We denote by w E C 2 (W l \ {0}) a function that we shall choose later on 
such that w(x) > and \V g w\ > in R n \ {0}. 

Given / e C°°(R n \ {0}), let us set 

(4.5) P T (f)=w- T P(w T f), 



(4.6) A v (f) = ^-dyf + ±F°f, 
where 

U 7) F 9 = WA9W - |VgW|2 

l ' W \VgW\> 



(4.8) Y = V ^ 



VgW\' 



(4.9) dyf = VJ • Y 
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With the notation introduced above we have 

(4.10) P T (/) = ?W(/) + pW(/), 

where P^ and P^ are the symmetric and the antisymmetric part of the 
operator P T with respect to the L 2 scalar product, respectively. 
More precisely we have 

(4.11) Pl s \f)=A g f + T*^ff 
and 



(4.12) pw (/) = 2T !^!! i4w(/) _ 

Moreover, let us denote by the symmetric matrix = {S^}^j =1 , 
where 

(4.13) s™ = \ ((div B) - FiW ~ d k B' J g H - d k B l g k > + B k d k g^) , 
with 



2 ' 



(4.14) B = = ^ 
We also denote 

(4.15) Ml = Sig. 
Notice that 

(4.16) MH ■ r) = £ ■ M 9 w r), for every ^,)jGl n 
and, letting £ g = g' 1 ^ rj g = g' 1 ?], 

(4.17) MUa ■ V 9 = (Stf, V )n, for every £,77 G R" 



The proof of the following lemma is straightforward. 
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Lemma 4.1. Let v G C 2 (R n \{0}) be a function that satisfies the conditions 
v(x) > 0, \V g v(x)\ > for every x G R n \ {0}. Let S» jMg, and 
B be obtained substituting w with v in the (I4.13p . (I4.15p . ( 14. 7p and (I4.14p . 
respectively. 

Let ip G C 2 (0, +oo) be such that ip(s) > 0, ip'(s) > 0, for every s G 
(0, +oo). Let us denote 

(4.18) *(*) = 4rT- 

S(f > (s) 

We have 

(4.19) M 9 v V g v = S 9 v Vv = 0, 

(4.20) f* u) = *{v)F» - &(v)v, 

(4.21) A<J (w) £ • 77 = v&(v) (t-r,- ^ ' V) ) + Hv)M% ■ r,. 
In the sequel we shall use the following notation 



(4-22) VJ7 = (V g v ■ V 5 /)^^ = (ft,/ • Y)Y, 

\v a v\ 



(4.23) Vj/ = V g f - Vf /, 

Notice that / and Vj/ are the normal component and the tangential 
component (with respect to the Riemannian metric {<?y}i, = i) of V s / to the 
level surface of w respectively. In particular / and Vj/ are invariant 
with respect to transformations of the type w = <p{w), where p satisfies the 
hypotheses of Lemma 14.11 We have 

(4.24) Vj/-F = 0, V 5 / = VJ7 + Vj/, 

(4.25) |V,/| 2 = [Vf f\ 2 + |Vj/| 2 = {dyff + | Vj/I 2 , 

(4.26) Vf / • Vj/ = 0. 

In addition, observe that by (14.161) and (14.191) we have 

(4.27) MIVJ ■ V g f = MiV T g f ■ V T g f. 
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Lemma 4.2. Let w G C 2 (M n \{0}) be such that w(x) > 0, \V g w(x)\ > for 
every x G IR n \ {0}. For every r ^ we have 

(4.28) ^ (P T (f)) 2 = ^ (P r (s) (/)) 2 + 4r 2 (9 r/ ) 2 (1 + (2r)~ 1 ^) + 

12 



where 



(4.29) , = (2 ( av/)V s/ - |V s /ry + rV ! ^V') . 

Proof. By (14. 10p we have 

+ 2/-pW(/)P T W(/) + (P T W(/)) 2 . 

| VgWp I VgW| 2 

Let us consider the second term at the right-hand side of (14.30)) . We have 



(4.31) 2^pM(/)P«(/) = 4r (A g f + r 2 ^/) A, 



(/) 



4r (^^) A S / + 2r K fA s f + 4^A„(/)/ 



Now we transform the term 4r ^ w ^ w ^ g ^ ^ A s / by applying the Rellich iden- 
tity (H3D with B = and v = /. We obtain 



(4-32) 2-^-P^(/)pW(/) 



2 " 

2 



= 4rA*»VJ • VJ + 2rF^\V 9 f\ 2 + 2rF^fA g f + div (q), 
where q is given by ( I4.29p . 
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Now we transform the third term at the right-hand side of (14.321) by using 
the following trivial consequence of f)4.10p 

(4.33) A g f = P T (f) - r 2 ^£/ - 2r^fMf) 

w z w z 

and we obtain 

(4.34) 2TF%fA g f = 2rF^fP T (f)- 



Now, just spreading the square in the third term at the right-hand side of 
fl4T3Uj) . we have 



w 2 



(4.35) 



±T\d Y ff + r 2 ^£ (F*) 2 f + 4r 2 ^i^ y /, 



w 2 w 



so that, by (H2SD, ( Q7|l . ( EOD , (OS]) . flCTj) and (TOSD we obtain identity 
(USED- □ 

In the sequel of this section we assume that the matrix {g lJ \x)}"j =1 sat- 
isfies the following conditions 

n 

(4.36) ml < 9 ij (xMj < A- X |eln> for every x G G 
and 



(4.37) ^ \g ij (x) - g ij (y)\ < A\x - y\ n , for every x G W 1 , y G 



r, 



where A G (0, 1] and A > 0. Now we introduce some additional notation 

that we shall use in the sequel. Let T = {7ij}fj =1 be a matrix that we shall 
choose later on. We assume that 

(4.38) m *Mn — 0-X x) n < m*|x| 2 , for every x G M n , 

where and m* are the minimum and the maximum eigenvalue of T re- 
spectively, and m* > 0. Let us denote 

(4.39) a(x) = ((Tx,x) n ) 1/2 
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and we denote 

(4.40) S (0) = Sf\ 
where we recall that 

(4.41) 5»(°)-« = l - ((divBb) - F*W)p«(0) - flkflfo w (0) - ^5^(0)) 



and 

(4.42) fi = TOLi 



(7 /m (0)^a(a;)9 m a(a;) J i=1 



( 4 43) F9 (o) = ^W^W*) - <7 y (0)M*)M*) 



g i 3(0)d i a(x)d j a(x) 

Moreover, for any fixed £ G IR n , (S^ ^, £)™ is an homogeneous function with 

respect to the x variable of degree 0, hence the following number is well 

defined 

(4.44) 

u = sup {-(S (0) £,£) n I g ij (0)tei = h 'I 'imM-rKj = 0, x 6 M n \ 0} . 

We observe that u>q is a nonnegative number. More precisely we have the 
following proposition. 



Proposition 4.3. Let Q = a/ '(7(0)r _1 a/ g(0) , where yglfij is the positive 
square root of the matrix g{0). Let g* and g* be the minimum and the max- 
imum eigenvalues of the matrix Q respectively. Then the following equality 
holds true 

(4.45) tu = — - 1. 

g* 

Proof. In order to prove (14. 45ft . let us denote 

(4.46) k = r^ 1 (o)r 

and let us notice that, with the conditions 

(4.47) {g-'m, On = 1 (g-\0)Va(x),On = 
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and with the normalization condition 



(4.48) {Kx,x) n = l, 
we have 

(4.49) - (S<-% On = (Vx, x) n ({KT-'Kx, x) n + (g-\0)r g -\0)t, £) n ) ~ 2. 
Moreover, by introducing the new variables 

(4-50) 77= (V^O))^, y=(^/my 1 rx, 

conditions (I4.47P and (I4.48P become respectively 

(4-51) \rj\l = h (V,v)n = 0, 

and 

(4.52) \y\l = l 
so that expression ( I4.49P is equal to 

(4.53) H(y, rj) := (Qy, y) n ((Q^y, y) n + {Q~\ V ) n ) - 2. 
Thus we have 

(4.54) uq = sup {H(y, rj) \ \y\ n = 1, \ij\n = h(y, v)n = 0} . 

Now let and z* be two linearly independent unit eigenvectors of Q such 
that Qz* = q*z* and Qz* = g*z*. We have 

(4.55) H{z*,z*) = — -1, 

g* 

hence 



(4.56) co > — - 1. 



In order to complete the proof of (14.451) we need to prove that 
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(4.57) cj < — - 1. 

g* 

To this aim we recall the following Kantorovich inequality |Kaj . [Mi]. Let A 
be a m x m positive definite symmetric real matrix and let a*, a* be the 
minimum and the maximum eigenvalues of A respectively, then for every 
leTwe have 

2 

4 



(4.58) {AX, X) m {A- l X, X) m < \ ( .1?- + \X 

4 VV a * V a J 

Now let m = 2n, X = (y, r}f and 



(4.59) .A 



Q 
Q 



we have, for every such that |y| n = |^| n = 1, (y, rj) — 

(4.60) (y, r?) = (AY, X) 2n (^l- 1 X ) X) 2n - (Qry, r^^X, X) 2n - 2. 
By Schwarz inequality we have 

(4.61) (Q V , vUA-'X, X) 2n = (Q V} V ) n (Q- l y, y) n + 

+ (Qv,vUQ-\v)n > ^ + HI = ^ + 1. 

g* g* 

On the other hand, the first term on the right-hand side of (I4.60P can be 
estimated from above by inequality f)4.58p . By the obtained inequality and 
by (HSU) we get f fl~5Tj) . that completes the proof of (IPS) . □ 



In the next Lemma and in the sequel we shall use the following notation 
when dealing with a matrix A = {ajj}" J=1 



(4.62) \A\ 
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Lemma 4.4. There exists a constant C, C > 1, depending only on A, A, to* 
and m* such that for every x £ ~R n \ {0}, < cr(x) < 1, the following 
inequalities hold true 

(4.63) CT 1 < \V g a\ < C, \F2\ < C, |S (0) | < C, 

(4.64) | Fl - F^°) | < Co", \S%- S (0) \ < Co, 

(4.65) M a w V T g f ■ V T g f > -(u + Co) \V T g f\ 2 . 

Proof. The proof of (14.631) and (I4.64p is straightforward. We prove inequality 
(OSjl . Denote by 

(4-66) c = g^f. 

We have by (14361) . (jQ7j) . (T4T64D and (14361) 

(4.67) A^VJ/ • Vj/ = (5«C, C)» > 

> (5 (0) C, On - | ((5» - S (0)) )C, 0n| > (5 (0) C, On ~ Co \ V? ff , 

where C depends only on A, A, m* and m* . 

Now, let us consider the term (S^OOn on the right-hand side of (14.671) . 
Denoting by 

(4.68) C^C + ^O)^- 1 ^)-^- 1 ^))^ 
we have g~ 1 (0)( = g~ 1 (x)( = Vj/, hence 

(4.69) ^'(0)0«V = Vj/-V 9 a = 0. 
In addition we have 

(4.70) |C-CU<C|Vj"/|a 
and 

(4-71) ^(0)C,0<(l + Ca)|Vj/| 2 , 

where C depends only on A,A,m* and m*. By (I4.44j) . (I4.63p . (I4.69P and 
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ffl~TUj) . we obtain, for every x G W 1 \ {0} such that < a(x) < 1, 
(4.72) (^ )C,C) n >(^ (0) C,C)n- 



(5<°)(C-C),C-C)» 



(£ (0) (c-o,a 



> 



> -Wo^-^OJC, C)n - C|C - Cln - 2C|C " ClnlCln > 

>_( Wo + Ca)|Vj/| 2 , 

where C depends only on A, A, m* and m*. By the just obtained inequality 
and by (jQ7|) we obtain (jQ5l) . □ 

Let r be a given positive number, in the sequel we shall denote by B° 
the set {x G M n |cx(a;) < r}. In addition, in order to simplify the notation, we 
shall denote f Rn (.)dx simply by J and, instead to write "/ is a function that 
belongs to C °° (W 1 \ {0}) and / is such that supp(/) C B° \ {0}", we shall 
write simply "/ G (B? \ {0})". 



Theorem 4.5. Let (3 be a number such that > ojq, let 



(4.73) 



(p(s) 



and let w(x) = <p(a(x)). There exist constants C, T\ and r , (C > 1, 
T\ > 1, < tq < 1) depending only on A, A, m*, m* and (3 such that for every 
u G (B° Q \ {0}) and for every r >T\ the following inequality holds true 

(4.74) r J o-Pw~ 2T \V g u\ 2 + T 3 J a'^w^u 2 <C J a 2 ^ 2 W - 2r (A g u) 2 . 

1 /2 

Proof. Let w(x) = <p(cr(x)), where a(x) = [(Tx,x) n ) . Let us notice that 
<p satisfies the hypotheses of Lemma 14.11 and that 



(4.75) 



s p 



Let ueC^ {B{ \ {0}) and / = w~ T u. By (1421"]) and by fl465|) we have 
(4.76) MiW T g f ■ Vj/ > a" (l 



s J I ' 



where C depends only on A, A, m*,m* and /3. 
Now, denoting 



(4.77) 



<Ao = a* (-1 + i**<°>) 
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by f fl~2Uj) we have 



a? 



(4-78) = ^ + — (F| - F*°>) , 

hence by (I4.63P and (14.641) of Lemma [4.41 we have, for every x G B° \ {0}, 
(4.79) \F g w \<Ca^ ^ - %\ < Ca^\ 

where C, C > 1, depends only on \,A,m*,m* and /3. 

Let ip\ be a function that we shall choose later on, by ( 14.1 ip we have 

(4-80) -^(P T ^(/)) 2 = 

|V gW\ Z 

,2 / IY7 „,,|2 |V7 „,,|2 \ 2 



|V,u.| 



fff'lfl-rMw + rMw)' 
\ itr w z J 

>2r^/(p( s )(/)-3^W 



> 



= 2r 3 ((l - ^i^^ + ^ A ^i) / 2 " 2r^i|V 9 /| 2 + div ( Ql ), 
where 

(4.81) q x = r (2^i/V g / - / 2 V^i) • 

By inequalities (I4.76P and (I4.80p . by ( I4.25P and by Lemma 14721 we obtain 



,2 

-3„ r2 



(4.82) — — (P T (f)Y > 2r J a 1 / a + 

+ 4ra 2 |Vj/| 2 + 4r 2 a 3 (<9y/) 2 + 2rF^fP T (f) + div (g 2 ), 

where 

(4-83) a, = J^l! (V - Fw) ~ ~ Q (^) 2 + + ^A^r, 



(4-84) a 2 = a? ( 1 - ^ - Ca\ + ~ (J* - ifo 
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(4.85) 



03 = 1 + 1(^-^1), 



(4.86) q 2 = q + qi 

Now we choose 

(4.87) = V>o + 



/3 ' 



where < e < min{l, f3 — uo}. 

Let us notice that for every x G f?f \ {0}, 



(4.88) C-V- 2/3 - 2 < 1^ < Ca^" 2 , 



(4.89) i^-Vi>-y (e + Ccx), 



(4.90) Vi - ^ > j (e - Ca) , 



(4.91) |Vi| < C^, IAjViI < CV 3-2 , 

where C, C > 1, depends only on A, A, m*,m* and /3, with (l4.89p - (l4.9ip 
following from (l4TT7l) - fl4~T9"j) and ( Q7|) . From (Og]) - (OI]) we have that, 
for every a; G -B^ \ {0} and for every r > 1 



(4.92) ai > C; l a-P- 2 le-C a- 



where C*,Co,C\ (C* > l,Co > l,Ci > 1) depend only on A,A,m*,m* and 

4r and r > ^ 



/?. Therefore, if < a(x) < -Sr and r > — , then we have 



£ 1 _«_2 



(4.93) ax > -C-V 
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where C, C > 1, depends only on A, A, to*, to* and ft. 
Concerning a 2 , we have by ( I4.89P 

(4.94) a 2 > a p (\ (l - ^f) - C 2 a 



2 V 

where C21C2 > 1, depends only on A, A, to*, to* and 0. Therefore, if < 

< —tt^t-, then we have 
~ AfiC 2 

1 pf, w 



(4.95) a 2 > -a? \\ , 

Concerning 03, by (14.911) and (I4.79P we have that there exists C^.C^, > 1, 
depending only on A, A, m*, m* and (3 such that if r > C3 and < a(x) < 1 
then 

(4.96) a 3 > \. 

Now, denote by r = max{^,C 3 } and r = min{^r, f^}, by (03 
dSH2D, ( B5SD , flUMP and (1436]) we have 



(4-97) (P T (/)) 2 > r 3 a-^ 2 ^-V 2 + 



+ ^ (l - I V 9 /| 2 + 2TF%fP T (f) + div (g 2 ), 



for every x G Pv \ {0} and r > r . 

By Young's inequality, by the first of (I4.79P and by f!4.89j) we have 



(4.98) \2rF»fP T (f)\ < \^~ 2 (P r (/)) 2 + C^o^f 



where C4, C4 > 1, depends only on A^m^m* and (3. 
By ( EOSD and (1435]) we have 



(4-99) ^^p^(/))^^1^ 1 / 2+ 



h^'ll-^llV^ + divM. 
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for every x G B° Q \ {0} and every r > T\ := max{r , * 4 }. 

Finally, we choose e = min{l,/3 — wo}. Recalling that / = w~ T u, and 
integrating both sides of (I4.99P over B° o \ {0}, we obtain f !4.74p . □ 

Remark 4.6. It is straightforward that estimate (14.741) remains valid for op- 
erators in non- divergence form Pu = gijdfjU. Of course, the values of the 
constants, and in particular of r 1; might be different. 



5 Carleman estimate for product of two sec- 
ond order elliptic operators 

In this section and in the sequel we return to the standard notation, that is 
we denote by | • | and by ■ the euclidian norm and scalar product respectively. 

Let {g l { \x)}™j =l and {g 2 ^(x)}™ J=1 be two symmetric matrix real valued 
functions which satisfy conditions (14.361) . (14.371) and let us assume that 

n n 

(5.1) ^ \\^ 2 9i\\l°°(K") < Ai, ^ l|V 2 02 J IU°°(R") < A i> 

i,j=l i,j=l 

with A x > 0. Let us denote by L\, L 2 and C the operators 

n n 

(5.2) Li(m) = 9i(x)d^u, L 2 {u) = ^ 92^)^, 

i,j=l i,j=l 

(5.3) C(u) = L 2 (L lU ). 

In the sequel we shall need the following standard proposition which we prove 
for the reader's convenience. 

Proposition 5.1. Let L\, L 2 and C be the operators defined above. Given 
a G C^R™ \ {0}) and u G C£°(R n \ {0}) ; the following inequalities hold true: 

(5.4) J a 2 \W 2 u\ 2 <C (^j a 2 \L k u\ 2 + J (a 2 + |Va| 2 )|Vw| 2 ^ , k = 1,2, 



(5.5) J a 2 \V\\ 2 <CU a 2 \Cu\\V 2 u\ + / (a 2 + |Va| 2 )|VV 2 
where C only depends on A and A. 
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Proof. To simplify the notation, let us omit the index k in For a fixed 
/ G {1, n) we have 

(5.6) y Ludlua 2 = - J di{a 2 g ij d 2 jU )diu = 

= - J cfg^d^udm - 2 J adtagv^udw - j (d^d^udma 2 = 



i 2 g ij d 2 l ud 2 l u+ J d j (a 2 g ij )d 2 l udiu-2 J adiag ij d 2 jU diu- j (dig ij )d 2 jU diua 2 > 
> \ J a 2 |V<9^| 2 - C j (|a| + |Va|)|a||Vw||V 2 w|, 

where C only depends on A and A. 

Now, summing up with respect to / the above inequalities and applying 
the inequality 2xy < x 2 + y 2 , we get (15. 4p . 

Now we prove (15. 5p . First we observe that, |G-T] . multiplying both sides 
of the second equality (15. 2 p by a 2 v and integrating by parts we easily obtain 

(5.7) J a 2 \Vv\ 2 < C (J a 2 \L 2 v\\v\ + J (a 2 + |Va| > 2 

where C only depends on A and A. 

Let us apply (15. 7p to v = L\u. Noticing that, for a fixed I G {1, ...,n}, 
we have 

(5.8) < 10^)1 + C\V 2 u\, 
where C only depends on A, we obtain 



(5.9) J a^L^diu)^ < c (^f ACuWV 2 ^ + J (a 2 + |Va| 2 )|V 2 w 

where C only depends on A and A. 

Finally, by applying inequality ( 15. 4p to estimate from below the integral 
on the left hand side of ( I5.9p . and summing up with respect to I, we get 

□ 

In order to prove the next theorem we need to use some transformation 
formulae for the operator C which we recall now. Let $ : ¥L n — > ¥L n be a C 4 
diffeomorphism. We have 

(5.10) (£*)(¥-%)) = (£17) (y) + {QU){y), 



2\IV72„.|2 
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where U(y) = 1 {y)), Q is a third order operator, £ = L 2 Li, L k = 

Ew =1 5?(y)a5, * = 1,2, and g^(x)) = %{x)g?(x) (f (*))', namely 

™ /Mr . 

(5.11) ^?(*(x)) = ti'WtorWarW' 1 "• 

r,s=l 

We can find a linear map \I/ such that ^ 1 " 1 (0) is the identity matrix and #2" (0) 
is a diagonal matrix. More precisely, let R\ be the matrix of a rotation such 
that R^g± (0)R\ = diag{^i, ....z/„}, where z/j, z = 1, ...,n, are the eigenvalues 
of ^ _1 (0), and let H = diag{^=, -±=}. We have that HR^^E^H 1 is 
equal to the identity matrix. Now let R 2 be the matrix of a rotation such 
that g 2 l (0) = R 2 HRig 2 1 (0)R t 1 H t R t 2 has a diagonal form. We have that the 
desired map is ^(x) = R 2 HR\x. In addition, notice that if z/*, v* are the 
minimum and maximum eigenvalues of 5' 1 " 1 (0) respectively and /x* are the 
minimum and maximum eigenvalues of g 2 x ($$) respectively, then 



(5.12) —\x\ 2 <g 2 1 (0)x-x< — \x\ 2 , for every x G 

V* V* 



Theorem 5.2. Let C be the operator defined by (15. 3p . Let and v* (fi* and 

IX*) be the minimum and the maximum eigenvalues of g^ifS) (g 2 l (ty)- Then 
there exists a symmetric matrix T satisfying 

(5.13) A 2 |x| 2 < al(x) := T x ■ x < \~ 2 \x\ 2 , 



and such that if (3 > y j^, 1 and 

(5.14) w (x) = e - {ao{x)) ~ P 
the following inequality holds true: 

3 

(5.15) ^r 6 " 2fc I a^- 2+k ^ +2) w^\V k u\ 2 dx<C f a^ +6 w^\Cu\ 2 dx, 

k=0 ^ •* 

for every u G Cq°(B°° \ {0}) and for every r >t, where r 1; < r\ < 1, C 
and r only depend on X, A and A x . 

Proof. By the comments preceding the statement of the theorem, without 
loosing of generality we can assume that ^(O) = 5 iJ and 5 f ^" 1 (0) is of diagonal 
form, say ^(O) = diag{/ii, // 2 , fJ> n }, where < ^ < [i 2 < ... < \i n . 
We denote by T = {7ij}", = i a symmetric matrix that we shall choose later 
on, and by m* and m* the minimum and the maximum eigenvalues of T 
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respectively, with m* > 0. Let us set a(x) = (Tx ■ x) 1//2 . We denote by 
S]®,k = l,2, the matrix S% k{0) introduced in (jP0|) . We denote by u% the 
numbers (compare with (I4.44p ) 
(5.16) 

u k = sup {-(Sf £) • £ I 0?(O)6fc = l,y?(0)^(a;)^ = 0,x G R» \ {0}) . 



Let /3 be a positive number such that (3 > maxju/g, co 2 } and let V G C^°(B° o \ 
{0}), where ro has been defined in Theorem 14.51 Since 

(5.17) \A gk V\<\L k V\ + C\VV\, k = l,2, 

where C only depends on A, by (I4.74p we have that there exists r 2 , only 
depending on A, A, m*, m* and (3 such that for k = 1, 2, and for every r > r 2 

(5.18) r y (7^- 2T |Vy| 2 + r 3 ^ cx^- 2 ^ 2t F 2 < C J a^ +2 W - 2T \L k V\ 2 . 

Now we iterate inequality (I5.18p . First we notice that, by a standard density 
property, inequality (15.181) is valid for every V G Hq(B° o \ {0}). Let u be an 
arbitrary function belonging to C^(B° \ {0}) and let us set v = L\u. By 

applying inequality (I5.18P to the function V = a^ +2 v, we get 



(5.19) r 3 J a 2 ? +2 w- 2T v 2 = r 3 J 



for every r > r 2 . 
Now observe that 



<(' / a 2 ^- 2 ^!^^!^)! 2 , 



(5.20) |L 2 (al^)| < a^ +2 |L 2 t;| + C7<7^ +1 |Vt;| + Ca^\v\, 

where C only depends on A, A, m*, m* and /3. By using (I5.2(jp to estimate 
from above the right hand side of (15.191) . we have that there exists r 3 > r 2 
such that, for every r > T3, 

(5.21) r 3 /" a 2/3+2 W - 2 V < C J a 5f)+<i w- 2T \L 2 v\ 2 + C J a 5 ^w~ 2T \ Vv\ 2 , 

where C and r 3 only depend on A, A, m*, m* and /3. 

Now we estimate from above the second term in the right hand side of 
(I5.2ip . To this aim we apply inequality (I5.18P to the function V = 
and we have 

(5.22) r y a p w- 2T \V{(J 2p+2 v)\ 2 <C J a 2p+2 W - 2T \L 2 (a 2 ^ +2 v)\ 2 , 
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for every r > r 2 . 

Taking into account that 

(5.23) \L 2 (a 2 ^ +2 v)\ < o 2 ? +2 \L 2 v\ + Ca 2fS+1 \ Vv\ + Ca 2 ^\v\, 
and 

(5.24) \V{a 2 ^ +2 v)\ 2 > ^ +4 \Vv\ 2 - Ca 4 ? +2 v 2 , 
where C only depends on A, A, m*, m* and (3, we have, by (15. 22 p . 

(5.25) r [ a^ +A w- 2T \Vv\ 2 <C I a^ +6 w~ 2r \L 2 v\ 2 + Cr I '<7 5 ^ + \r 2 V 



for every r > r 2 , where C only depends on A, A, m*, m* and /3. 

Now we use ( I5.25P to estimate from above the second term on the right 
hand side of (I5.2ip and we have that there exists r 4 > r 3 such that 

(5.26) J a 2 P +2 w- 2T v 2 < ^ J a 5 ^ 6 w- 2T \L 2 v\ 2 , 

for every r > r 4 , where C and r 4 only depend on A, A, m*, m* and (3. 
Recalling that v = L\u and by using (15.181) for V — u and k — 1, (I5.26P 
yields 



(5.27) r 6 y <j-P- 2 w- 2t u 2 + t 4 J ^w~ 2t \Vu\ 2 <C J a 5 ^ W - 2T \L 2 L lU 



for every r > r 4 , where C only depends on A, A, m*, m* and /3. 

Now we prove that 
(5.28) 

t 2 J a^ +2 w- 2r \W 2 u\ 2 + / a^ +4 w- 2r \V 3 u\ 2 < C J a^ W - 2r \L 2 L lU \ 2 



for every r > r 4 , where C only depends on A, A, m*, m* and /3. 

Concerning the term with the second order derivatives on the left hand 
side of (I5.28p . we can estimate it by using (15.41) with a = (a 3l3+2 w~ 2T )2 and 
k = 1, obtaining 

(5.29) y a^ +2 w- 2r \ V 2 u\ 2 < C j a^ 2 W - 2T \L lU \ 2 + Cr 2 J ^w- 2r \Vu\ 2 , 
where C only depends on A, A, m*, m* and (3. 
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By using (15.181) for V — u and k — 1 to estimate from above the second 
integral on the right hand side of (15.291) we get 

(5.30) J a^ +2 w- 2T \V 2 u\ 2 <Crj a 2 ^ 2 W - 2T \L lU \ 2 , 

for every r > r 2 , where C and r 2 only depend on A, A, m*, m* and /3. 
Now, by (I5.26P with v = L^u and by (I5.30p . we have, for every r > r 4 , 

(5.31) t 2 J a 3 ^ 2 w- 2r \V 2 u\ 2 <C J a 5 ^w- 2T \L 2 L lU \ 2 , 

where C only depends on A, A, m*, m* and f3. 

Now we estimate from above the term with the third order derivatives on 
the left hand side of (I5.28p . By applying (15. 5p with a = (<7 5i3+a w~ 2t )^ , we 
have 
(5.32) 

j a^ +i w- 2T \VM 2 < C J a^w-^^LM^M+Cr 2 J <j^ +2 W - 2t \V 2 u\ 2 

where C only depends on A, A, m», m* and (3. 
Noticing that 

(5.33) a^ +i \L 2 L lU \\V 2 u\ = [a^ +l \V 2 u\ \ (a^\L 2 L lU \) < 

<ha^ +2 \V 2 u\ 2 + a^ +6 \L 2 L lU \ 2 ), 

by ( I5.3ip and ( I5.32p we obtain the desired inequality ( I5.28p . 
By (1537]) and (1538|) we have 



3 

(5.34) ^Tr 6 - 2fc f a-P- 2+k W +2 '>w- 2T \V k u\ 2 <C f a^w~ 2T \L 2 L x 



2 



for every r > T4, where T4 and C only depend on A, A, m*, m* and 0, for 
every « e (7g°(S^ \ {0}). 

Now we choose T = T := diag{-^, -h-}, &(x) = <To( x ) := (T x ■ x) 1 ^ 2 , 

V V" n 

w(x) = w (x), where w (x) is defined by (15.141) . By Proposition 14.31 we have 
cuq = cu 2 = — 1, hence estimate (I5.34p holds for (3 > — 1- Coming 
back to the old variables we obtain (15.151) . □ 
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Theorem 5.3. Let C be the operator defined by (I5.3p . Let u # , v* , /x*, /x* 
be as defined in Theorem \5.2[ Let us assume that u £ H a (Br) satisfies the 
inequality 

3 

(5.35) \£u\ < N^2R~ i+k \V k u\, in Br, 

k=0 



where N and R are positive numbers. Let (3 > y j^T, — 1- There exist positive 
constants s\ £ (0, 1) and C > 1, C and s\ only depending on X, A, Ai and N 
such that, for every p\ £ (0, S\R) and for every r , p satisfying r < p < 

(5.36) 

X>- / |VSP<C m a,{l,(|)- <5 "- 2, }e C ( ,A ^"- ( -)")' i ". 

h—f) J Bp K. ) 

k=0 J Bt J \ k=0 J 



where 

(5.37) , _(A-V)-M^r 



Proof. First we observe that, denoting 5' A T 1 (x) = g^(Rx), L^ = 'g^(x)dfj, 
k = 1, 2, C = L 2 Li, u(x) = u(Rx), x £ B 1: inequality ( I5.35P implies 

3 

(5.38) \Cu\ < iV^|V fc M|, in^. 

fc=0 

For simplicity of notation we shall omit the symbol ~ . Let us introduce the 
following notation 



(5.39) 



j(p) = Y.p 2k i iv fc «i 2 , 



where, we recall, B°° = {x £ R™ | cr (x) < p} and a has been defined in 
Theorem 15.21 Notice that (15.131) gives B\ r C B°° C Br_, for every r > 0. In 
particular inequality (I5.38|) is satisfied in B^°. Denote by R± = min{ri,A}, 
where r\ has been introduced in Theorem 15.21 Let pi £ (0, R\) and r £ 
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(0,f). Let r] e Cft(R) such that < 77 < 1, 77 = 1 in (r, f ), 77 = 



111 



d k 



W 7 ! 



<§in for A; = 0,1,..., 4, 



where C is an absolute constant. In addition, let £(x) = 77(00(0;)). By a 
standard density theorem, inequality (I5.15P holds for the function £(x)u(x). 
Denote 



(5.40) 



h T (t) = t 5 P~ 2 eV, fe(0,l). 



By standard calculations, it is simple to derive that there exist f\ > r, C, 
s G (0, only depending on A, A, A 1; (3 and N, such that if p\ < s , 
r < p < y and r > Ti then 

(5.41) J(p) < ^ r (0 J(r) + C/^ (^) J( Pl )- 



Hence 
(5.42) 

J(p) < C 



r/2\ 
P / 



5/3-2 



2r - 



'TP' 



5/3-2 



for every r > n. 
Let us denote 

(5.43) 



0o 



P~ P - (f ) 
(I)"' -(f) 



-/3 



J(Pl) 



(5.44) 



log (f) 



5/3-2 J(pi) 
J(r) 



^ 2 /-••.-'• //MN-'' 



(I)" -(f)" 

If a > r 1 then we choose r = a in (15.421) obtaining 



(5.45) 



<Z(P)< 



P 



f ' (r«"J(r))* (prW""" 



5^-2 



where C only depends on A, A, Ai, N and 0. 
If ao < T\ then we have trivially 



(5.46) J(p) < J{p x ) = (J( Pl )f° (J( Pl )) 



,l-i?o 



< 



2ri p-f- 



< 



5/3-2 
Pi 



1-0Q 



-(r^-V(r))^ ( P r 2 J( Pl ) 
By (I5.45P and (I5.46[) and scaling the variables we get (I5.36p . □ 
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Corollary 5.4 (Unique continuation property). Let C be the same operator 
of Theorem 15.51 and let v*, v* , p*, p* be as defined in Theorem \5.1& Let us 
assume that u G H 4 (Br) satisfies the inequality 

3 

(5.47) \Cu\ < N^R~ A+k \V k ul in B R , 

k=0 

where N and R are positive numbers. 
Assume that 

(5.48) J u 2 = (e~^) , as r -> 0, 



where Cn > and k > * / ^ 1 . 

T/zen we /iaue 

(5.49) it = m S«. 

Proof. Let us fix p x G (0, s^i?) and p G fr, 4rPij, where Si has been defined 
in Theorem 15.31 Let 



(5.50) J^-l< (3 <k. 

V \i*v* 

By (I5.36P and by the interpolation inequality 

(5-51) ||w||fla(B P ) < C|Ml£a(B r )IMIff»(B r )> 

where C > is an absolute constant, we have 

/ / r \ ^-2 i \ 150 
(5-52) NlW p) < C ||«||I 2(flr) J , 

where i9 is given by (I5.37P and C > only depends on A, A, A 1; AT, (3, p, 
Pi, R and ||m||b 4 (b h )- By (15.481) and (15.501) . passing to the limit as r — > in 
(I5.52p . we obtain u = in _E> P . By iteration the thesis follows. □ 



6 Three sphere inequalities for the plate op- 
erator 

In this section we specialize the results of Sectional in particular we specialize 
the three sphere inequality proved in Theorem I5.3[ for the plate equation 

(6.1) Cu := dl(C l3kl d 2 kl u) = 0, in B R , 
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where {Cijki{x)}f^ k i =l is a fourth order tensor that satisfies the hypotheses 
(13.21) . (13.71) . (13.81) for Q = Br and the dichotomy condition in Br. 

In the following, without loss of generality, we assume R — 1. 

In order to apply Theorem 15.21 we need to write the operator £ in the 
following form 

(6.2) C = L 2 L X + Q, 

where Li and L 2 are second order operators which satisfy a uniform ellipticity 
condition and whose coefficients belong to C 1,1 (Bi) and Q is a third order 
operator with bounded coefficients. In the sequel (Lemma 16. ip we shall 
prove that (16. 2p holds true under some additional assumptions on the tensor 
{Cijki{x)}1 jkl=l . 
Let us denote 

4 

(6.3) p{x; d)u = a A - h (x)d*d*- h u, for every u G H A {B X ), 

h=0 



where the coefficients ai(x), i = 0, ...,4, have been defined in (13. 9p . (13.101) . 
By (13. 9p we have 

(6.4) Cu = p(x; d)u + Qu, for every u G H 4 (Bi), 

where Q is a third order operator with bounded coefficients which satisfies 
the inequality 

(6.5) \Qu\ < cM (|V 3 w| + |V 2 w|) , for every u G H\B X ), 
and c is an absolute constant. In addition we denote 

4 

(6.6) p(x;0 = Y< a ^)&t\ % e B x , C G R 2 , 

h=0 



(6.7) p(x; t) := p(x; (t, 1)) = ^ a 4 _ h {x)t h , x G B x , t G 

/i=0 

Notice that by ( 13. 7p we have 

(6.8) p(x;0>l\Z\\ xeButeR 2 , 

(6.9) p(x; t) > 7 (t 2 + l) 2 , x eB u teR. 
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Now, for any fixed x G B\, let z k (x) = a^x) + i(3k(x), z~k(x) = ak(x) — i(3k(x) 
{k = 1, 2) be the complex solutions to the algebraic equation p(x; z) = 0. 
Here, and (3k are real-valued functions and j3k(x) > 0, k = 1,2, for every 
x G ~B\. 
We have 

(6.10) p(x; £) = p 2 (x; £)pi(x; £), for every x G Bi, £ G M 2 , 
where 

(6.11) Pfcfo 0=0* k = l,2, xeB u £ G R 2 , 



( 6 - 12 ) ^V) = \AoM) #f (^) = fl-f (a;) = -a fc (a;) y/ao{x), 

{x) = y/a^(x)(al(x) + Pl(x)\ k — 1,2, x G 5 X . 



Since in the sequel we have to deal with some basic properties of polynomials, 
we recall such properties for what concerns the polynomial p(x; z) and we 
refer the reader to |Wa[ Chapter 5] for an extended treatment of the issue. For 
any fixed x G B\ we denote by T>{x) the absolute value of the discriminant 
of the polynomial p(x; z), that is 

(6.13) V(x) = al {(zi - z 2 )(z 1 - Zi)(z x - z 2 )(z 2 - z 1 )(z 2 - z 2 )(z x - z 2 )) 2 , 

where ao = ao(x) and Zk = Zk(x) = aifc(x) + if3k(x), k = 1, 2. An elementary 

calculation yields 

(6.14) 

V(x) = IGatPlPi [(a, - a 2 f + (ft + /3 2 ) 2 ] 2 [(a, - a 2 f + (ft - /3 2 ) 2 ] 2 . 

In terms of the coefficients = a/^x), h — 0, 1, 4, it is also known that 

1 



(6.15) 



V(x) 



a 



■\detS(x) 



where S(x) is the 7x7 matrix defined by (13. lip . 

Furthermore, let us denote by ^ the map of 
^(t 1 ,t 2 ,w 1 ,w 2 ) = {^k(ti,h,Wi,w 2 )}l =1 , where 



into M 4 defined by 



(6.16) 



#i(ti,t 2 ,Wi,w 2 ) = h +h, 
*i(ti,£ 2 , wi, w 2 ) =t\ + tl + At x t 2 + Wi + w 2 , 
Wl(t 1 ,t2,W 1 ,W 2 ) = h(t\ + w 2 ) +t 2 (t\ + w-l), 
^ 1 (t u t 2 ,w 1 ,w 2 ) = {tj + wi){tl + w 2 ). 
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JNotice that 






(6.17) 


CL\ — - 




(6.18) 


a 2 = 


a 1 i r 2(ai,a2,/3i,/3|), 


(6.19) 


a 3 = - 


-2a ^ 3 (ai,a2,/3i 2 ,/32 


(6.20) 


CL4 = 





Let us denote by ok^t^w^w^) ^ ne j ac °bian matrix of * and let J(t±, t 2 , w 1: w 2 ) 

be its determinant. An elementary calculation shows that 

(6.21) 

J{t h t 2 , w h w 2 ) = - [(*! - t 2 ) 4 + 2{ Wl + w 2 )(ti - t 2 ) 2 + ( Wl - w 2 ) 2 ] . 
Let us denote 

(6.22) 7l=min { 7 ,_L,l}. 

The following lemma holds. 

Lemma 6.1. Let pk{x; , k = 1,2, be defined by (16.111) . The following facts 
hold: 

(a) If (13.21) and (13. Tj) are satisfied, then 

(6.23) 72|£l2<Pfc(z;£) <7 2 -1 |ei2, for every x eB!, (6R 2 , A; = 1,2, 
where 72 = 5~ 6 7-[ 5 . 

f&j If the dichotomy condition introduced in Definition ^. 1\ holds true in B\, 
then gl j G C 1 ' 1 ^), /or z, j, jfe = 1, 2. 

More precisely, if (13.18aj) ZioZds £nte ; i/ien 

2 

(6.24) £ (llVrfHx-^)^ + HV^'lUoc^)^) < C lf 

ij',fc=l 

where o\ = ming and C\ only depends on M and 7, whereas if ( 13.18bj) 

/io/ds £rue ; t/ien 

2 

(6.25) (l|V^'lUoc (Bl) + ||V 2 ^||^ (Bl )) < C 2 , 

ij',fc=l 

where C 2 only depends on M and 7. 
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Proof. First we prove (a). Let x, x £ Bi, be fixed. In the rest of the proof 
of (a) we shall omit, for brevity, the dependence on x. 
By fEED, flU]), fl6\22l) . we have 

(6.26) Tiiel 4 < < ^r'lel 4 , for every f G K 2 . 
Now we observe that the following inequalities hold true 

(6.27) |«i + a 2 |<7r 2 , 

(6.28) \a\ + ft + a 2 2 + ft + 4«ia 2 | < li 2 , 

(6.29) M« 2 + ft) + « 2 (« 2 + /3 2 )| < 7 r 2 , 

(6.30) 7? < (a? + /3i 2 )(a 2 2 + /3 2 2 ) < 7i~ 2 , 

(6.31) 7i 2 (l + « 2 ) 2 < ft 2 [(«i - « 2 ) 2 + ft] < 7l " 2 (l + « 2 ) 2 , 



a, . 



(6.32) 7l 2 (l + a 2 ) 2 < ft [(ai - a 2 ) 2 + ft] < 7l ~ 2 (l + 
Indeed, by (16.261) we have 

(6.33) 7 i < a < 7r\ 7i < a 4 < li l ■ 

On the other hand, by flQ3l) and using flOTD . (IBTTBl . flBTTQl . flfT20l we obtain 
the inequalities fl6\27j) . (16T28D . flBT29"jl . flOOl . respectively. Concerning (16T3TD . 
by using (I6.26P for £ = (a 1; 1) and taking into account (I6.10p . we have 

(6.34) 7l (l + a 2 ) 2 < a ft [(a a - a 2 ) 2 + ft] < 7i~ 1 ( 1 + a 2 ) 2 . 



Inequality (I6.3ip follows from the first of (16.331) and (16.341) . Proceeding 
similarly for £ = (a 2 , 1) we obtain (I6.32p . 
Now, denoting 

7? 

(6.35) e - 



50 

we are going to prove that the following inequalities hold 
(6.36) /3 fc >e , k = l,2, 
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(6.37) 



Pk< , k = 1,2, 



(6.38) IcKfcl < , k — 1,2. 

7ieo 

In order to prove (I6.36p . it is enough to consider the case k = 1, as the case 
k = 2 can be proved by the same arguments. We proceed by contradiction 
and we assume that 

(6.39) 0{ < 4 
By ( jOgJ) and flOTj) we get 

(6.40) % < (at - a 2 f + /3 2 2 , 

e o 

hence at least one of the following inequalities must hold 
(6-41) ^ < Pi 



(6.42) ^<( ai _« 2 )2. 

If the inequality (I6.4ip holds, then by (I6.30P we have 



(0.13) Mt<nf4 < < 2^ < 2 7 r 4 e 2 , 



hence 

(6.44) H < V2 7l - 2 e , 
and in turn inequalities (16.441) . (I6.27P imply 

(6.45) |a 2 | < (1 + V2e )7r 2 - 

Therefore, by ( EZHD , (JEHJ, fICTD . (16T45]) . and recalling that 71 G (0, 1), we 
have 

(6.46) ^ < /3 2 < a\ + /3 2 + a 2 + /3 2 < 25 7 r 4 , 
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3 

hence we have eo > -7=, a contradiction. Hence, (I6.4ip cannot be true. 



50' 

If (I6.42p holds, then we have + |«2| > |«i — «2| > v%o' therefore, 
at least one of the following inequalities holds 

(6.47) H > —7^, \a 2 \> 



2x/2e ' 2x/2e ' 

If the first of (I6.47P holds, then by (I6.27P we have \a 2 \ > |ai| — 7f 2 > 
2 J^ eo — 1\ 2 > 4JL0 anc ^' ana l°g° us ly; ^ the second of (16.471) holds, then we 
have I ai| > 4 J1 . Hence, if ( I6.42p holds, then we have 

(6.48) |«i| > — ^ — , \a 2 \> ' 



4x/2V Ay/2e ' 
Inequalities (I6.48P and (I6.30p give 



,2 „,-2 -2 



v3 



As a consequence of the above inequality we have || < e^, that contradicts 
(I6.35p . Therefore, (I6.39P cannot be true and (I6.36P is proved. 

By flEUD and (RT3E]1 we easily obtain ([6T3TP and (IB^Hj) . Finally, by 
(I6.36p - (l6.38p . we obtain easily an estimate from above and from below of 
the eigenvalues of the matrices {g l £ (x)}fj =1 from which the estimate (I6.23P 
follows. 

Now we prove the statement (b) of the lemma. By (16.211) . (I6.33p . (I6.36p - 
(I6.38P we have 



(6.50) 73 \/V{x) < J(x) < 7^ 1 v /p(x), for every x E B u 
where 

(6.51) J{x) = \J{a l {x),a 2 {x),p 2 1 {x),P 2 2 {x))\ 

and 73 = 10- 6 7l 25 7o" 3 - .. _ 

Assume that (I3.18ap holds in B 1 . In order to prove that E C 1 ' 1 (i?i) 

and to derive estimate (I6.24p . it is enough to apply the Inverse Mapping 

Theorem to the map Indeed, by (I6.16p . the vector- valued function u(x) = 

(«i(x), a 2 (x), j3\ (x), 2 (x)) satisfies the following equality 



(6.52) *(w(a;)) = d{x), xEB 



where d(x) = (-g^, gjg, gg), hence by », <Q, «, 
fl630|) . (ESU), fl632j) we obtain (EMI). 
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If (I3.18bl) holds true, then by (I6.14p we have ai(x) = a 2 (x) and (3i(x) 
f3 2 (x) for every x G B 1 . Therefore, by f l6.16p - fl6.18p we have 

(6.53) otx(x) = a 2 {x) — 



4a (x) 
and 



(6.54) (3f(x) = tt(x) 



2 , ,2: . Q2 0*0 3af(x) 



2a (x) 16oq(x) 

By (USD, (JH, (EHUD, (J633D, fT36]), <^M> and (J631 we get (JOS])- □ 

Theorem 6.2 (Three sphere inequality - first version). Let us assume that 
u G H a (Br) is a solution to the equation 

(6.55) dy(C iiW (a;)djyu) = 0, in 5 R , 

where {Cijki(x)}fj kl=l is a fourth order tensor whose entries belong to C 1,1 (£>#). 
Assume that (13.21) . (13. 7p . (13.81) and i/ie dichotomy condition are satisfied in 
Br. Let 7 2 = 5~ 6 7j 5 and — ^ — 1. There exist positive constants s 2 , 
< s 2 < 1, and C, C > 1, s 2 and C only depending on 7, M and on 
Si = niin-g fl V, such that, for every p\ G (0, s 2 R) and every r, p satisfying 

2 

r < p < ^y 2 -, the following inequality holds 

(6.56) f> 2fc I \V k u\* < Cexp ((J ((7^ - ( 72 f • 
fc=0 -^^p 

. 1 — n ^ B r J \ u—n " B D , 



k„.\2 



,k=o Dr / \fc=o D n 



where 

(6.57) 0i 



(7 2 -V)^ " (7 2 f )^ 



Proof. Let us define 

(6.58) u(y)=u(Ry), C m {y) = C ijk i(Ry), y G B\, i,j,k,l = 1,2. 
Then, w G H a (Bi) is a solution to the equation 

(6.59) dl{C ijkl (y)d 2 kl u) = 0, in ^ 
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Now, by Lemma [6. II we have that 

(6.60) C = L 2 L 1 u + Qu, 

where L k = p k (y; d), k = 1, 2, and 



(6.61) Pk(y;d)=gHd? j , k — 1,2. 

Here, {g k } 2 j =1 , k = 1,2, satisfy (16.241) or (I6.25P (the former whenever (13. 18a|) 
holds, the latter whenever (13.18bj) holds), 

(6.62) 72KI 2 < g^ivMj < 7 2 " 1 iei 2 , lel^e M 2 , 

and Q is a third order operator with bounded coefficients satisfying 

(6.63) | Qu| < cM (|V 3 w| + |V 2 w|) , 

where c is an absolute constant. Therefore, from (I6.60p -f l6.63p and Theo- 
rem I5.3[ and coming back to the old variables, we obtain the three sphere 
inequality (16. 56 p . □ 

The following Poincare-type inequality holds. 

Proposition 6.3 (Poincare inequality). There exists a positive constant C 
only depending on n such that for every u £ H 2 (BR,~R n ) and for every r £ 
(0,R\ 

(6.64) f \u r \ 2 + R 2 [ \Vu r \ 2 < CR 4 ( -Y [ \V 2 u\\ 



JB R JB R \ 1 / JB R 

where 

(6.65) u r (x) = u(x) — (u) r — (Vtt) r ■ x, 



(6.66) (u) r = — -r / U, (Vu) r = j—r VU. 

\-£>r\ J B r \-E>r\ J B r 

Proof. For a proof we refer to |A-M-Ro4"l Example 4.3]. □ 

Proposition 6.4 (Caccioppoli-type inequality). Let us assume that u £ 
H 4 (B r i) is a solution to the equation 

(6.67) dl(C ljkl (x)d 2 H u) = 0, in B R , 

where {Cij k i(x)} 2 j kl=l is a fourth order tensor whose entries belong to C 1,1 (£>#). 
Assume that (I3.2p - (l3.8p are satisfied. We have 



(6.68) 



/ |V 3 u| 2 <C I J2 (t k ~ 3 \V k u\) 2 , for every t < R, 



where C is a positive constant only depending on 7 and M. 
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Proof. The proof of (16.681) is essentially the same of the proof of |M-Ro-VeT| 
Proposition 6.2]. Here, for the reader convenience, we give a sketch of the 
proof. 

For every t G (0, R], let r] G C£°(B t ) be such that < 77 < 1 in B t , rj = 1 



in Bt and 

2 



(6.69) ^t fc |VSl<C, in S t , 



k=l 



where C is an absolute constant. Multiplying equation (I6.67P by /S.{rfu) and 
integrating over B t , we have 



JB t 



(6.70) 

and, integrating by parts, 

(6.71) f {C l3kl dld s udld s {r, Q u) + d 8 {C m )d 2 kl udld s (rfu)} = 0. 



By (13.81) . f)6.69p . (16.711) and taking into account that t < R we have 
(6.72) / rfC m dl l d s ucit j d 8 u = F[u\, 

JB t 

where F satisfies the inequality 
(6.73) 

\F[u]\<CM I [Y^t k - 3 \V k u\\ +CM I \\7 3 u\ri 3 (j2t k - 3 \\7 k u\ 

Je* \k=0 J ^ Bt \fc=0 

where C is an absolute constant. By (16.721) . (16. 73 p . (13. 7p and Cauchy in- 
equality {2ab < ea 2 + -b 2 , for e > 0) we have 



(6.74) 7/ r/ 6 |V 3 u| 2 <CM 2 f i^t k ^\V k u 

•JBt JB t \ k=Q 

Inequality (I6.68P follows immediately by (16.74)) . □ 

Theorem 6.5 (Three sphere inequality - second version). Let u G H i {BR) 
be a solution to the equation 

(6.75) d 2 3 (C l]kl (x)d 2 kl u) = 0, in B R , 
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where {Cijki{x)} 2 j kl=1 is a fourth order tensor whose entries belong to C 1 ' 1 ^^) 
Assume that ( 13.21) . (13 .7p . (13.81) and the dichotomy condition are satisfied in 
Br. Let 72 = 5~ 6 7^ 5 and (3 = — 1. There exist positive constants s, 
< s < 1, and C, C > 1, s and C only depending on j, M and on 
5i = min-g T>, such that, for every p\ e (0, sR) and every r, p satisfying 

2 

r < p < ^y 2 -, the following inequality holds 



(6.76) p 



f WM 2 < Ce W (C (( T2 -V)-^ - ( T2 f )-") BP 



r I | V 2 d 2 ) 1 Id I | V V 2 



B2r / V ^ J Blp Y 



where 

(6.77) 0i 



(72l)-^ - (7 2 f ' 



Broof. Let a G E, w G I 2 to be chosen later on. Since u is a solution to 
(16. 75 p . also v = u — a — u-xisa solution to (I6.75p . By (I6.56P we have 

(6.78) p 4 / \V 2 v\ 2 < K (H v (r)) ei (HM) 1 ^ , 

J B p 

where 

(6.79) K = C exp (c (Wp)^ - (7 2 f )" /? ) ^ 
and 

3 

(6.80) = J2 t2 l l V ^! 2 ' t G 

fc=0 

By Proposition 16.41 we have 

2 r 

(6.81) H v {r) = Cj2 r2k IV^I 2 , 

fc=0 •' B2 '- 

where C only depends on M and 7. Now, we choose 

(6.82) a = J_ /" Uj w = J_ /" V n. 

|-fc>2r| ,/B 2r . I -"Sri ifi 2r 
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By Proposition 16.31 and from (I6.8ip we have 



2„.|2 



(6.83) H v (r) < Cr A I \V 2 u 

JB 2r 

where C only depends on M and 7. 

Similarly, by applying Propositions 16.31 and 16.41 we obtain 

(6.84) Hv { Pl )<C P {(^) 2 j |W, 

where C only depends on 7 and M. From (16.781) . (16.811) . (16.831) . inequality 
fl6TT6]) follows. □ 

Theorem 6.6 (Three sphere inequality - third version). Let u £ H 4 (Br) be 
a solution to the equation 

(6.85) 8$ j (C m (x)8% l u) = 0, in Br, 

where {Cijki{x)}jj kl=1 is a fourth order tensor whose entries belong to C 1 ' 1 (B | _r) 
Assume that (13.21) . (13. 7p . (13.81) and the dichotomy condition are satisfied in 
Br. Let 72 = 5~ 6 7^ 5 and f3 = 4j- — 1. There exist positive constants s, 
< s < 1, and C , C > 1, s and C only depending on 7, M and on 
5i = mm-Q V, such that, for every pi £ (0, sR) and every r , p satisfying 

2 

r < p < ^j 2 -, the following inequality holds 



4 \ 1-6 



(6.86) / n 2 <Cexp(c((7 2 - 1 p)^-(7 2 |)^ 

J Bp 

■([ A'itptj iv« 

\J B r J \ t _ n J Bp, 

where 9 = with B\ given by (I6.57P 

Proof. It follows immediately from (I6.56P and by the interpolation inequality 

\\u\\m{B r ) < C\\u\\ 4 L2(Br) \\u\\ 4 Hi(Br) , 

where C is an absolute constant and the norms are normalized according to 
the convention made in Section [3j □ 
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